Histogram Equalization

ideally in uniform distribution

pixel count
pixel count

—_—

min

0 255 0 | 255
pixel value pixel value

Original histogram Enhanced histogram



Histogram Equalization

Dark image

Bright image

Low-gontrast image

High-contrast image

The histogram of adigital image with gray levels
in therange [0, L-1] isadiscrete function

h(rk ) = Ny

wherelcisthe kth gray level andisthe
number of pixelsin the image having gray
level Tk A normalized histogram is given by

P(rk)_ ,and » P(r,)=1

k
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FIGURE 3.15 Tour basic image types: dark, light, low contrast, high contrast, and their cor-
responding histograms. ({)nnln al image courtesy of Dr. Roger Heady, Research School
of Riological Sciences, Australian National Unive ersity. Canberra, Australia.)



Histogram Equalization

By the transformation:  s=T(r)

Conditons:
(1) T(r) issingle-valued and monotonically increasing
(2) 0<r<1foro<T(r)<1

The inverse transformation from s back to r is denoted
r=T7(s)0<s<1

§
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S
FIGURE 3.16 A
oray-level
transformation
s = T(r,) |« function that 1s

both single valued
and
monotonically
increasing.
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Histogram Equalization

The gray levelsin an image may be viewed as random variablesin the
interval [0, 1]. Let Pr(r) and Ps(s) denote the probability density functions
of random variablesr and s, respectively.

The probability density function Ps(s) of the transformed variable s can be
obtained using arather simple formula:

ps(s) = pAr) ar

ds

A transformation function of particular importance in image processing
has the form

s =T(r) = /rpr(w) dw



Histogram Equalization

% _ n"?;(r) pi(s) = p,(r)
dr cr 17
a7 [ () = 1|,
= {/ p,(w) u’w;} Ps ! ds = pAr)
_ pr'(r) = |

the form of Ps(s) given above as a uniform probability density function.

dr

ds

pe(r)
D=s=1



Discrete type

Where n is the total number of pixelsin the
Image, nk Isthe number of pixelsthat have gray
level 1k, and L isthe total number of possible
gray levelsin the image.
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Example:

» Consider an 8-level 64 x 64 image with gray values
(0,1, ..., 7). Thenormalized gray valuesare (0, 1/7,
27, ...,1). The normalized histogram :

K I n, P(r)=n/n
0 0| 30 0.0036
K

1 | u7| 50 0.0061
=T JZ:(; P (5) 2 | 27| 100 0.0122

3 | 3/7| 1500 0.1829

0<k<L-1

4 | 47| 2300 0.2804

5 | 5/7| 4000 0.4878

6 | 6/7| 200 0.0243

7 1| 20 0.0024




k
o Applying the transformation, s =T(r,)=>p,(r;) wehave
=0

0 n.
5= 0T 9 5005752
o nh n 38200 7
1 n.
5 =30 Toth 3940 % _ 440052
j=o N n 8200 8200 7
oY _Motnen, 304504100 _ 180 0
j=o N n 8200 8200
Sg_inj 30+50+100+1500 1680 4
i-o N 8200 8200
< _Z“:n,- 30+50+100+1500+2300 3980 _ 3
=2 8200 8200 7
s, = 25: N, _30+50+100+1500+2300+4000 _ 7980 _ o n 7
=0 N 8200 - 8200
6 n.
5=y _ 30+50+100+1500 + 2300 +4000+ 200 _ 8180 _ o007
io N 8200 - 8200 7
57_27:”,- 30+50+100+1500 + 2300 + 4000 +200+20 _ 8200 _, 7
j=o N 8200 - 8200 7






X K n K
k n ,Z_(; N, ;# s = (L —1)122(;”—”‘
0) 30 30 0.0037 0.0256
1 50 80 0.0098 0.0683
2 100 180 0.0220 0.1537
3 1500 | 1680 0.2050 1.4241
4 2300 3980 0.4854 3.3976
) 4000| 7980 0.9732 6.8122
6 200| 8180 0.9976 6.9830
7 20| 8200 1.0000 7.0000
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Histogram Equalization

» Histogram equalization may not always
produce desirable results, particularly if
the given histogram is very narrow. It can
produce false edges and regions. It can
also increase image “graininess” and
“patchiness.”
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Histogram specification

r— s (equalized)

S=T(r)=[)p, (W)dw

v 2 (desired level)

v=G(z)= J[']sz(W)dw

z=G"[s]=Gv]=G"[T(r)]
p,(r):original p.d.f
p,(z):desired p.d.f
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FIGURE 3.19

{a) Graphical
interpretation of
mapping from r,
to s, via T'(r).

(b) Mapping of z,
LO1ls
corresponding
value v, via G(z).
(c) Inverse
mapping from s,
Lo its
corresponding
value of z,.
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Bit-plane dlicing

 Bit-plane dicing :highlighting the
contributions of specific bits

One 8-bit byte Bi 7
-~ Jit-plane 7

/ (most significant)

I

|

|

| Bit-plane 0
| (least significant)
|

|




A=imread(‘cameraman.tif');
A=double(A);

fori=1:8
B(:,:,)=uint8(A>=2"(8-1));
A=A-2(8-1).*double(B(:,:,1));
end

figure

for i=1:8

subplot(3,3,)
imagesc(B(:,:,1))

end

colormap(gray)
subplot(3,3,9)
A=imread('cameraman.tif');
A=double(A);

Imagesc(A)




A=imread(‘cameraman.tif');
imagesc(A)
colormap(gray)
A=double(A);
x=0:255;

[y, x]=hist(A(:),X);
figure

plot(x,y)
B=255-double(A);
figure

imagesc(B)
colormap(gray)
C=A*2.*(A<=100)+(200+55/155
*(A-100)).*(A>100);
figure

imagesc(C)
colormap(gray)
D=sqrt(A*255);
imagesc(D)
E=A."2/255;
imagesc(E)



bar(x,y)
axis([0 255 0 1800])

' ' ' ' for i=1:256
“ /f | Z()=sum(y(Li))

1600 -

1400 -

end

N 7 | figure

/ ] plot(x,z/(256"2))

N | fori=1:256

s} / | F(A==(i-1))=z(i)/(256"2)*255:
0 By 0 [T T i end

bar(x,y) plot(x,2/(256/2)) T:gg;ee i

colormap(gray)

[y, X]=hist(F(:),x);

bar(x,y)
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yl=exp(-0.5*(x-128).72/40"2),
yl=yl/sum(yl);

bar(x,y1)

for i=1:256

z1(1))=sum(y1(1:1));

end

for i=1:256
[Y,m]=max(z1>z(i)/(256"2));
F(A==(i-1))=m;

end

figure
Imagesc(reshape(F,256,256))
colormap(gray)

[y, x]=hist(F(:),x);

bar(x,y)

L 1
1] a0 100 150 200 280 300
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What is the book written without
using the letter e?

e A 1939 novel called

Gadsby by Ernest
Vincent Wright
(1872-1939) was
written without
using the letter e.

e The novel runs 267

pages and has about
50,000 words.

If youth, throughout all history,
had a champion to stand up for it;
to show a doubting world that a
child can think; and, possibly, do
it practically; you wouldn't
constantly run across folks today
who claim that "a child don't
know anything." A child's brain
starts functioning at birth; and
has, amongst its many infant
convolutions, thousands of
dormant atoms, into which God
has put a mystic possibility for
noticing an adult's act, and
figuring out its purport.
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Arithmetic Operations

* |mage Addition

Gl 1) =G (1, ])+G,(, )
— Forcethe value into 0~255

Gyl 1) =1G,(1, 1)+ G, (1, 1)1/ 2



lmage Averaging

« Noiseisany random phenomenon that contaminates
an image.
* Noiseistypically modeled as an additive process

g(m,n) = f(m,n)+ N(m,n)

|

Noisy image Noisefree Nopise
Image



lmage Averaging

The noise N(m,n) at each pixel (m,n) is modeled as arandom variable.

Usually, N(m,n) has Zero-mean and the noise values at different pixels are
uncorrelated.

Suppose we have M observations { g(m,n)}, 1I=1,2,...,K, we can (partially)
mitigate the effect of noise by “averaging”

_ 1 K
g(mm) =3 g,(mn
then it fol lows that -
E[g(mmn)]= f(mn)  Varg(mn]=-Var[N(mn)]

Therefore, as the number on observations increases (M—>infinite), the
effect of noise trends to zero.
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FIGURE 3.30 ({a) Image of Galaxy Pair NGC 3314, (b) Image corrupted by additive Gauss-
ian noise with zero mean and a standard deviation of 64 gray levels. {c)-f) Results of av-
eraging K = 8, 16,64, and 128 noisy images. (Original image courtesy of NASA)

Image Averaging

ahb

FIGURE 3.31

(a) From top to
bottom:
Difference images
between
Fig.3.30(a) and
the four images in
Figs 3.30(c)
through (f),
respectively.

(b) Corresponding
histograms.



Arithmetic Operations

 Image Subtraction

Ggr (1, 1) =G.(1, ]) - G,(1, )
— Forcethe value into 0~255

Gy (1, 1) =[255+G,(1, ) =G, (1, )1/ 2



a b

FIGURE 3.29
Enhancement by
image subtraction.
(a) Mask image.
(b) An image
(taken after
injection of a
contrast medium
into the
bloodstream) with
mask subtracted
out.



Example: segmentation

After
processing

Subtraction
result




Spatial Filter

« Basicsof Spatial Filter
« Smoothing Spatial Filters
« Sharpening Filters



Basics of Spatial Filter

« some nelghborhood operations work with the
values of the Image pixels in the neighborhood
and the corresponding values of a subimage
that has the same dimensions as the
nelghborhood.



Basics of Spatial Filter

Image origin FIGURE 3.32 The
K mechanics of
¥ spatial filtering.
The magnified
drawing shows a
3 = 3 mask and
the image section
directly under it
the image section
is shown
displaced out
from under the
mask for ease of
readability.

Image f{x, v)

Mask coeflicients, shovwing
coordinate arrangement

Pixels of imagz
soction under mask



Basics of Spatial Filter

 In genedl, linear filtering of an image f of size M*N
with afilter mask of size m*nisgiven by the
expression:

g(x,y) = i Zw(s Of(x + s,y +1)

§=—a i=

a=(m-1)/2 and b=(n-1)/2,m x n (odd numbers)



Basics of Spatial Filter

» The basic approach isto sum products between the mask
coefficients and the intensities of the pixels under the mask at
a specific location in the image:

R=wWZz +W,Z, +...+ W,Z,

FIGURE 3.33 (for a3 x 3filter)
Another w, W5 Wy
representation of
a general 3 X 3
spatial filter mask.

w, W W

w- Wy Wy




Smoothing Spatial Filters

» Smoothing filters are used for blurring and for
noise reduction.
— Blurring is used in preprocessing steps, such as
removal of small details from an image prior to

object extraction, and bridging of small gapsin
lines or curves

— Noise reduction can be accomplished by blurring



Smoothing Spatial Filters

 Linear Smoothing Filters — averaging filters
* Nonlinear Smoothing Filters — median filters



Linear Smoothing Filters

« Linear spatia filter issimply the average of the pixels
contained in the neighborhood of the filter mask.
» Theideaisreplacing the value of every pixel in an

Image by the average of the gray levelsin the
nelghborhood defined by the filter mask.

» These filters sometimes are called averaging filters or
lowpass filters.



Linear Smoothing Filters

1 1 1 1 2 1
1 1
“xl 1 1 1 —X| 2 4 2
o 16

1 1 1 1 2 1

Standard average Welghted average



Linear Smoothing Filters

* The general implementation for filtering an
MXN Image with awelghted averaging filter of
Size mxn Is given by the expression

Za: Zblw(s,t) f(X+s,y+t)
g(X, y) — S=—at=-b —
_Z _Zw(s,t)
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|mage Enhancement in the
Spatial Domain
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FIGURE 3.35 (a) Original image, of size 500 > 500 pixels. (b)—(f) Results of smoothing
with square averaging filter masks of sizes n = 3,5,9.15, and 35, respectively. The black
squares at the top are of sizes 3, 5,9, 15,25, 35, 45, and 55 pixels. respectively: their bor-
ders are 25 pixels apart. The letters at the bottom range in size from 10 to 24 points, in
increments of 2 points; the large letter at the top is 60 points. The vertical bars are 5 pix-
els wide and 100 pixels high; their separation is 20 pixels. The diameter of the circles is
25 pixels, and their borders are 15 pixels apart: their gray levels range from 0% to 100%
black in increments of 20%. The background of the image is 10% black. The noisy rec-
tangles are of size 50 = 120 pixels.



lmage Enhancement in the
Spatial Domain

abc

FIGURE 3.36 {a) Image from the Hubble Space Telescope. (D) Image processed by a 15 X 15 averaging mask.
(c) Result of thresholding (b). (Original image courtesy of NASA.)



Order-Statistics Filters

* Order-statistics filters are nonlinear spatial filters whose

response is based on ordering (ranking) the pixels contained in
the image area encompassed by the filter, and then replacing
the value of the center pixel with the value determined by the
ranking result.

Best-known “median filter”

— to force points with very distinct intensities to be more like their
neighbors, such that don’t blur edges

— effective for reducing impulse noise,
salt-and-pepper noise



Median Filter

10

15

20

20

100

20

20

20

25

10, 15, 20, 20, 20, 20, 20, 25, 100

t
5th

« Sort the values
of the pixel In
our region

e |nthe MxN
mask the
median 1s MxN
div2+1



lmage Enhancement in the
Spatial Domain

G

FIGURE 3.37 (a) X-ray image of circuit board corrupted by salt-and-pepper noise. (b) Noise reduction with a
3 X 3averaging mask. (¢) Noise reduction with a 3 X 3 median filter. (Original image courtesy of Mr. Joseph
E. Pascente, Lixi. Inc.)



Sharpening Filters

» The principal objective of sharpening isto highlight
fine detail in an image or to enhance detail that has
been blurred, either in error or as an natural effect of
a particular method of image acquisition.

— smoothing — integration
— Sharpening — differentiation



Derivatives

« Definition for afirst derivative
— Must be zero in flat segments
— Must be nonzero at the onset of a gray-level step or ramp; and
— Must be nonzero along ramps.

* A basic definition of the first-order derivative of aone-
dimensional function f(x) Is

%=f(x+1)—f(x)



Derivatives

« Definition for a second derivative
— Must be zero in flat areas;

— Must be nonzero at the onset and end of a gray-level step or
ramp;

— Must be zero along ramps of constant slope
 We define a second-order derivative as the difference

o°f _ f(x+1)+ f(x=1)—2f(x).

X2




a b

C
FIGURE 3.38
(a) A simple
image. (b) 1-D
horizontal gray-
level profile along
the center of the
image and
including the
1solated noise
point.
(¢) Simplified
profile (the points
are joined by
dashed lines to
simplify
interpretation).
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Observations

* The 13-order derivative is nonzero along the
entire ramp, while the 2"9-order derivativeis
nonzero only at the onset and end of the ramp.

» 1st make thick edge and 2nd make thin edge

* Theresponse at and around the point Is much
stronger for the 2"9- than for the 13-order
derivative



The Gradient

First Derivatives in image processing are implemented
using the magnitude of the gradient.

For afunction f(X, y), the gradient of f at coordinates (X, y)
IS defined as the two-dimensional column vector

o
G| |2
e
| 9y |
The magnitude of this vector is given by
-111
Vf =mag(VF) =[G} +G] ~|G,|+|G, G,
G |1
!




Robert’s Method G, = (z,-z5) and G, = (Zg-Zp)

Vi = (2~ 2)7 +(2-2)°
Roberts Cross-Gradient Operators

\V4i z‘zg—25\+\28—z6\

Mask of even size are awkward to apply so
the smallest filter mask should be 3x3.

Sobhel’s Method

Vf »|(z, + 22+ 2,) - (2, + 22, + 2,)| +|(2, + 22 + 2,) — (2, + 22, + Z,)|



a
B
de

FIGURE 3.44

A 3 X 3region of
an image (the z's
are gray-level
values) and masks
used to compute
the gradient at
point labeled zs.
All masks
coefficients sum
to zero, as
expected of a
derivative
operator.

Roberts Cross-Gradient

= -
] 4 w3
- - _ -
4._1_ w5 "'["l
-_ - -
&7 LE Lo

Sobel Operators

~1 0 0 1

0 1 1 0

~1 -2 1 ~1 0
0 0 0 -2 0

1 2 1 —1 0




a b

FIGURE 3.45
Optical image of
contact lens (note
defects on the
boundary at 4 and
5 o'clock).

(b) Sobel
eradient.
(Original image
courtesy of

Mr. Pete Sites,
Perceptics
Corporation.)



L aplacian

24 order derivative

| sotropic filters: rotation invariant
Linear operator

Define as

_Of of

Vf_@xz é’yz



Discrete version:

f(x-1,y)

f(xy)

f(x+1y)

f(xy-1)

f(xy)

fxy+1)

o° f

ox?

F(x+Ly)+ f(x-1y)-2f(xy)

o° f

> =

f(X,y+D)+ f(x,y—-1D-2f(x,y)




The digital implementation of the 2-Dimensional
Laplacian is obtained by summing 2 components




The basic way in which we use the Laplacian for image
enhancement is as follows:

T Y)=V2T(X,Y) If the center coefficient is negative
g(x, )/)— 2 . : .
F(XY)+VoT(XY) If the center coefficient is positive

Where f(x,y) isthe original image
vei(x,y) I1SLaplacian filtered image
g(x,y) isthe sharpen image

Simplification :
g y)=f(xy)-f(x+Ly) - f(x=-Ly)- f(x, y+D)-f(x, y-D+4f(xy)

g(x, y)=5f (X, y) - f(x+Ly)-f(x=-Ly)-f(xy+1)-f(xy-1)
> |



ab
c d

FIGURE 3.40

(a) Image of the
North Pole of the
moon.

(b) Laplacian-
filtered image.
(¢) Laplacian
image scaled for
display purposes
(d) Image
enhanced by
using Eq. (3.7-5).
(Original image
courtesy of

NASA.)
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